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Abstract—The purpose of this article is to prove several evaluations of determinants of matrices,
the entries of which are given by the recurrences

ai,j =

{
ai,j−2 + ai+1,j−1 + ai+2,j , if j ≥ i + 2;
ai−2,j + ai−1,j+1 + ai,j+2, if i ≥ j + 2,

with various choices for main diagonal ai,i, superdiagonal ai,i+1 and subdiagonal ai+1,i.
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1. INTRODUCTION

Much remarkable attention has been paid to the symbolic evaluation of determinants in literature (for
instance, see [2–11]). Certain practical and efficient tools so as to evaluate determinants are provided
in [2] and [3]. They include many determinants explicitly evaluated which appeared in the literature. They
also put forward several references where further formulae can be found.

Bacher ([1], Section 8) introduces the diagonal construction as follows. Let γ = (γi)i≥1 be a
sequence and let u1, u2, l1, l2 be four constants. Then the diagonal-construction is the (infinite) matrix

D
(u1,u2,l1,l2)
γ with entries

di,j =

⎧⎪⎨
⎪⎩

γi, if i = j ≥ 1;
u1di,j−1 + u2di+1,j , if j > i ≥ 1,
l1di−1,j + l2di,j+1, if i > j ≥ 1.

Now it is easy to see that, we have

di,j = u2
1di,j−2 + 2u1u2di+1,j−1 + u2

2di+2,j for j ≥ i + 2,

and also for i ≥ j + 2, we have

di,j = l21di−2,j + 2l1l2di−1,j+1 + l22di,j+2.

Through inspiring from the above relations, we attempt to put forward a new method for constructing
certain matrices. Our way of construction is based on considering three specific sequences for the entries
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on main diagonal, superdiagonal and subdiagonal. Then, using some recurrence relations the other
entries are constructed. Let us present this sort of constructing formally.

Consider the n × n matrix A = (Ai,j)1≤i,j≤n. Suppose α = (αi)i≥1, β = (βi)i≥1 and γ = (γi)i≥1

be three certain sequences. We put Ai,i+1 = αi, Ai,i = βi and Ai+1,i = γi. Then, using the following
recurrence relations:

Ai,j =

{
Ai−2,j + Ai−1,j+1 + Ai,j+2, if i ≥ j + 2;
Ai,j−2 + Ai+1,j−1 + Ai+2,j, if j ≥ i + 2,

we construct the other entries.
In fact, our main aim in this article is to choose three sequences, say, α, β and γ and construct the

n × n matrix A as mentioned above. Then, we evaluate the determinant of A.
Our major tools for the evaluation are the LU-decomposition of matrices and elementary row and

column operations. In linear algebra, the LU-decomposition is a matrix decomposition which writes a
matrix as the product of a lower and upper triangular matrix (see [3]). This decomposition is used in
a numerical analysis to solve the systems of linear equations or find the inverse of a matrix. Indeed,
the LU-decomposition is illustrated as follows: Let A be a square matrix. An LU-decomposition is a
decomposition of the form A = LU , where L and U are lower and upper triangular matrices (of the same
size), respectively.

The notation used in this article are standard and they could be found in most of Linear Algebra
textbooks. However, we use the notation AT for the transpose of A. Also, we denote by Ri(A) and Cj(A)
the row i and the column j of A, respectively. Note that, when m > n, we assume that

∏n
j=m bj = 1. We

denote the elementary row and column operations of type three by Oij(λ) and O′
ij(λ), respectively, where

i �= j and λ a scalar. Therefore, we have

Rk(Oij(λ)A) =

{
Ri(A) + λRj(A), if k = i;
Rk(A), if k �= i,

and

Ck(AO′
ij(λ)) =

{
Ci(A) + λCj(A), if k = i;
Ck(A), if k �= i,

Given G(1) and G(2), a Gibonacci sequence (or generalized Fibonacci sequence) {G(m)}∞m=1 is
recursively defined by G(m + 2) = G(m + 1) + G(m), for m ≥ 1. A Toeplitz matrix is an n × n matrix
Tn = (ti,j) where ti,j = tj−i, i.e., a matrix of the form

Tn =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

t0 t1 t2 . . . tn−1

t−1 t0 t1 . . . tn−2

t−2 t−1 t0 . . . tn−3

...
...

...
. . .

...

t1−n t2−n t3−n . . . t0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The goal of this paper is to prove the following theorem:
Main Theorem Let (Ai,j)i,j≥1 be the doubly indexed sequence given by the recurrences

Ai,j =

{
Ai−2,j + Ai−1,j+1 + Ai,j+2, if i ≥ j + 2;
Ai,j−2 + Ai+1,j−1 + Ai+2,j, if j ≥ i + 2.

Then:
(1) if Ai,i = G(i) for 1 ≤ i ≤ n and Ai,i+1 = Ai+1,i = 0 for 1 ≤ i ≤ n − 1, then we have

det(Ai,j)1≤i,j≤n =

⎧⎨
⎩

G(1), if n = 1;

(−1)n−2G(n − 1)G(n)
n∏

i=3
[G(i) + G(i + 2)], if n ≥ 2 .
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(2) if Ai,i = 0 for 1 ≤ i ≤ 2n and Ai,i+1 = Ai+1,i = G(i) for 1 ≤ i ≤ 2n − 1, then we have

det(Ai,j)1≤i,j≤2n =

⎧⎨
⎩
−G(1)2, if n = 1;

(−1)n
{

ωG(2n − 1)
n−2∏
i=1

[G(2i) + G(2i + 2)]
}2

, if n ≥ 2 ,

where ω = G(1) − 2G(2)
(3) if Ai,i = qi−1 for 1 ≤ i ≤ n and Ai,i+1 = Ai+1,i = 0 for 1 ≤ i ≤ n − 1, then we have

det(Ai,j)1≤i,j≤n =

{
qn−1, if n ≤ 2;
q(

n−2
2 )+1(−λ)n−2, if n ≥ 3,

where λ = (1 + q)2(1 + q2).

(4) if Ai,i = 0 for 1 ≤ i ≤ 2n, Ai,i+1 = aqi−1, Ai+1,i = bqi−1 for 1 ≤ i ≤ 2n − 1, then we have

det(Ai,j)1≤i,j≤2n = (−1)nabq2(n−1)2
[
(aq − bμ)(bq − aμ)

]n−1
,

where μ = 1 + q + q2.
(5) if Ai,i = 0 for 1 ≤ i ≤ 2n and Ai,i+1 = −Ai+1,i = αi for 1 ≤ i ≤ 2n − 1, then we have

det(Ai,j)1≤i,j≤2n = 22(n−3)(α1 + α2)2(n−1)
[
4α1 + (n − 1)(n − 4)(α1 − α2)

]2
.

where {αi}∞i=1 is a 2-periodic sequence.
In the next section, we will prove the Main Theorem in separate theorems.

2. PROOFS

Theorem 1. Let {G(i)}∞i=1 be a Gibonacci sequence. Let (Ai,j)1≤i,j≤n be the doubly indexed
sequence given by the recurrences

Ai,j =

{
Ai−2,j + Ai−1,j+1 + Ai,j+2, if i ≥ j + 2;
Ai,j−2 + Ai+1,j−1 + Ai+2,j, if j ≥ i + 2,

and the initial conditions Ai,i = G(i) for 1 ≤ i ≤ n and Ai,i+1 = Ai+1,i = 0 for 1 ≤ i ≤ n − 1. We
set d(n) = det(Ai,j)1≤i,j≤n. Then the sequence {d(n)}∞n=1 satisfies the following equalities

d(1) = G(1), d(2) = G(2)d(1),

and

d(n) = − G(n)
G(n − 2)

[
G(n) + G(n + 2)

]
d(n − 1), for n ≥ 3.

Furthermore, an explicit formula for d(n) is as follows

d(n) =

⎧⎨
⎩

G(1), if n = 1;

(−1)n−2G(n − 1)G(n)
n∏

i=3
[G(i) + G(i + 2)], if n ≥ 2 .

Proof. Let A denote the matrix (Ai,j)1≤i,j≤n. Note that, we can determine the entries Ai,j as follows:

Ai,j =

⎧⎪⎨
⎪⎩

2
i−j
2 G(i), 0 ≤ i − j = even number;

2
j−i
2 G(j), 0 ≤ j − i = even number;

0, otherwise.

We apply LU-decomposition method. We claim that

A = L · U,
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where L = (Li,j)1≤i,j≤n is a lower triangular matrix with the coefficients

Li,j =

⎧⎪⎨
⎪⎩

2
i−j
2 G(i)
G(j)

, 0 ≤ i − j = even number;

0, otherwise,

and U = (Ui,j)1≤i,j≤n is an upper triangular matrix with the coefficients

Ui,j =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2
j−i
2 G(j), 1 ≤ i ≤ 2, 0 ≤ j − i = even number;

−2
j−i
2

G(j)
G(i − 2)

[G(i) + G(i + 2)], 3 ≤ i ≤ n, 0 ≤ j − i = even number;

0, otherwise.

For instance, when n = 5, the matrices A, L and U are given by

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

G(1) 0 2G(3) 0 22G(5)

0 G(2) 0 2G(4) 0

2G(3) 0 G(3) 0 2G(5)

0 2G(4) 0 G(4) 0

22G(5) 0 2G(5) 0 G(5)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, L =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0

0 1 0 0 0
2G(3)
G(1) 0 1 0 0

0 2G(4)
G(2) 0 1 0

22G(5)
G(1) 0 2G(5)

G(3) 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

U =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

G(1) 0 2G(3) 0 22G(5)

0 G(2) 0 2G(4) 0

0 0 −G(3)
G(1) [G(3) + G(5)] 0 −2G(5)

G(1) [G(3) + G(5)]

0 0 0 −G(4)
G(2) [G(4) + G(6)] 0

0 0 0 0 −G(5)
G(3) [G(5) + G(7)]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

The matrix L is a lower triangular matrix with 1’s on the diagonal, whereas U is an upper triangular
matrix with diagonal entries U1,1 = G(1), U2,2 = G(2) and

Ui,i = − G(i)
G(i − 2)

[
G(i) + G(i + 2)

]
, i ≥ 3.

It is obvious that the claim immediately implies the theorem.
We verify the claim by a direct calculation. In order to prove the claim we need only to show that

(L · U)i,j = Ai,j , when i + j is an even number.

Similar to the proof of Theorem 1, we distinguish two cases separately:
Case 1. i, j odd. In this case we have

Ri(L) =
(

2
i−1
2 G(i)
G(1)

, 0,
2

i−3
2 G(i)
G(3)

, 0,
2

i−5
2 G(i)
G(5)

, 0, . . . ,
2

i−j
2 G(i)
G(j)

, 0, . . . ,
2

i−i
2 G(i)
G(i)

= 1, 0, 0, . . . , 0
)

,

and

Cj(U) =
(

2
j−1
2 G(j), 0,−2

j−3
2

G(j)
G(1)

[G(3) + G(5)], 0,−2
j−5

2
G(j)
G(3)

[G(5) + G(7)], . . . ,

0,−2
j−i
2

G(j)
G(i − 2)

[G(i) + G(i + 2)], 0, . . . ,− G(j)
G(j − 2)

[G(j) + G(j + 2)], 0, 0, . . . , 0
)T

.
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Assume first that i ≥ j. For i = 1, the result is straightforward. Therefore, we may assume that i ≥ 3.
In this case, we obtain

(L · U)i,j =
j∑

k=1

Li,kUk,j =
2

i+j−2
2 G(i)G(j)

G(1)

+

j−3
2∑

l=0

2
i−(2l+3)

2 G(i)
G(2l + 3)

−2
j−(2l+3)

2 G(j)[G(2l + 3) + G(2l + 5)]
G(2l + 1)

=
2

i+j−2
2 G(i)G(j)

G(1)
− G(i)G(j)

j−3
2∑

l=0

2
i+j−2(2l+3)

2
[4G(2l + 3) − G(2l + 1)]

G(2l + 3)G(2l + 1)

= 2
i−j
2 G(i)

{
2

j−1
2 G(j)
G(1)

− G(j)

j−3
2∑

l=0

2j−(2l+3)

[
4

G(2l + 1)
− 1

G(2l + 3)

]}

= 2
i−j
2 G(i)

{
2

j−1
2 G(j)
G(1)

− 2
j−1
2 G(j)
G(1)

+ 1
}

= 2
i−j
2 G(i) = Ai,j.

The case when i ≤ j is similar.

Case 2. i, j even. In this case we have

Ri(L) =
(

0,
2

i−2
2 G(i)
G(2)

, 0,
2

i−4
2 G(i)
G(4)

, 0,
2

i−6
2 G(i)
G(6)

, . . . , 0,
2

i−j
2 G(i)
G(j)

, . . . , 0,
2

i−i
2 G(i)
G(i)

= 1, 0, 0, . . . , 0
)

,

and

Cj(U) =
(

0, 2
j−2
2 G(j), 0,−2

j−4
2

G(j)
G(2)

[G(4) + G(6)], 0,−2
j−6

2
G(j)
G(4)

[G(6) + G(8)], . . . ,

0,−2
j−i
2

G(j)
G(i − 2)

[G(i) + G(i + 2)], . . . , 0,− G(j)
G(j − 2)

[G(j) + G(j + 2)], 0, 0, . . . , 0
)T

.

Suppose that i ≥ j. For i = 2, the result is straightforward again. Therefore, we may assume that
i ≥ 4. Similar to the previous case, we obtain

(L · U)i,j =
j∑

k=1

Li,kUk,j =
2

i+j−4
2 G(i)G(j)

G(2)

+

j
2∑

l=2

2
i−2l

2 G(i)
G(2l)

−2
j−2l

2 G(j)[G(2l) + G(2l + 2)]
G(2l − 2)

=
2

i+j−4
2 G(i)G(j)

G(2)
− G(i)G(j)

j
2∑

l=2

2
i+j−4l

2
[4G(2l) − G(2l − 2)]

G(2l − 2)G(2l)

= 2
i−j
2 G(i)

{
2j−2G(j)

G(2)
− G(j)

j
2∑

l=2

2j−2l

[
4

G(2l − 2)
− 1

G(2l)

]}

= 2
i−j
2 G(i)

{
2j−2G(j)

G(2)
− 2

j−2
2 G(j)
G(2)

+ 1
}

= 2
i−j
2 G(i) = Ai,j.

The case when j ≥ i is similar. The proof is complete. �
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Theorem 2. Let {G(i)}∞i=1 be a Gibonacci sequence. Let (Ai,j)1≤i,j≤2n be the doubly indexed
sequence given by the recurrences

Ai,j =

{
Ai−2,j + Ai−1,j+1 + Ai,j+2, if i ≥ j + 2;
Ai,j−2 + Ai+1,j−1 + Ai+2,j, if j ≥ i + 2,

and the initial conditions Ai,i = 0 for 1 ≤ i ≤ 2n and Ai,i+1 = Ai+1,i = G(i) for 1 ≤ i ≤ 2n − 1.
Then we have

det(Ai,j)1≤i,j≤2n =

⎧⎪⎪⎨
⎪⎪⎩
−G(1)2, if n = 1;

(−1)n
{

G(2n − 1)
(
G(1) − 2G(2)

) n−2∏
i=1

[G(2i) + G(2i + 2)]

}2

, if n ≥ 2.

Proof. If n = 1, the result is straightforward. Therefore, we may assume that n ≥ 2. Let A denote the
matrix (Ai,j)1≤i,j≤2n. Note that, we can determine the entries Ai,j as follows:

Ai,j =

⎧⎪⎨
⎪⎩

2
i−j−1

2 G(i − 1), if i − j is an odd number;
2

j−i−1
2 G(j − 1), if j − i is an odd number,

0, otherwise.

For instance, when n = 3, the matrix A is given by

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 G(1) 0 2G(3) 0 22G(5)

G(1) 0 G(2) 0 2G(4) 0

0 G(2) 0 G(3) 0 2G(5)

2G(3) 0 G(3) 0 G(4) 0

0 2G(4) 0 G(4) 0 G(5)

22G(5) 0 2G(5) 0 G(5) 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Now we apply the row and column operations. Through changing the rows and columns such that
the columns with nonzero first entries are put together and then the rows with zero first entries are beside
one another, we can deduce that

det(A) = (−1)n det

⎡
⎣B 0

0 BT

⎤
⎦ ,

where B = (Bi,j)1≤i,j≤n is an n × n matrix with entries:

Bi,j =

⎧⎪⎨
⎪⎩

2j−iG(2j − 1), if i < j;
G(2i − 1), if i = j;
2i−j−1G(2i − 2) if i > j.

Again, we apply the following row and column operations:

B∗ =
n∏

k=2

Ok−1,k(−2)B.

In fact, B∗ is a lower triangular matrix with diagonal entries:

G(1) − 2G(2), G(3) − 2G(4), . . . , G(2i − 1) − 2G(2i), . . . , G(2n − 3) − 2G(2n − 2), G(2n − 1),

or equivalently

G(1) − 2G(2),−(G(2) + G(4)), . . . ,−(G(2i − 2) + G(2i)) , . . . ,−(G(2n − 4) + G(2n − 2)), G(2n − 1).
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Therefore, we obtain

det(B) = det(B∗) = (−1)n−2G(2n − 1)
(
G(1) − 2G(2)

) n−2∏
i=1

[G(2i) + G(2i + 2)],

and so

det(A) = (−1)n
{

G(2n − 1)
(
G(1) − 2G(2)

) n−2∏
i=1

[G(2i) + G(2i + 2)]

}2

,

as desired. �

Theorem 3. Let (Ai,j)1≤i,j≤n be the doubly indexed sequence given by the recurrences

Ai,j =

{
Ai−2,j + Ai−1,j+1 + Ai,j+2, if i ≥ j + 2;
Ai,j−2 + Ai+1,j−1 + Ai+2,j, if j ≥ i + 2,

and the initial conditions Ai,i = qi−1 for 1 ≤ i ≤ n and Ai,i+1 = Ai+1,i = 0 for 1 ≤ i ≤ n − 1. Then
we have

det(Ai,j)1≤i,j≤n =

{
qn−1, if n ≤ 2;
q(

n−2
2 )+1(−λ)n−2, if n ≥ 3,

where λ = (1 + q)2(1 + q2).
Proof. For convenience, we put λ = (1 + q)2(1 + q2) and μ = 1 + q + q2. An easy computation

shows that
μ2 − λ = q2. (1)

Let A denote the matrix (Ai,j)1≤i,j≤n. It is worth noticing that the entries of A can be obtained as follows:

Ai,j =

⎧⎪⎨
⎪⎩

qj−1μ
i−j
2 , if i − j is an even number;

qi−1μ
j−i
2 , if j − i is an even number,

0, otherwise,

Again, we apply LU-decomposition method. We claim that
A = L · U,

where L = (Li,j)1≤i,j≤n is a lower triangular matrix with the coefficients

Li,j =

{
μ

i−j
2 , if i − j is an even number;

0, otherwise,

and U = (Ui,j)1≤i,j≤n is an upper triangular matrix with the coefficients

Ui,j =

⎧⎪⎨
⎪⎩

qi−1μ
j−i
2 , if 1 ≤ i ≤ 2 and j − i is an even number;

−λqi−3μ
j−i
2 , if 3 ≤ i ≤ n and j − i is an even number,

0, otherwise.

For instance, when n = 6, the matrices A, L and U are given by

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 μ 0 μ2 0

0 q 0 qμ 0 qμ2

μ 0 q2 0 q2μ 0

0 qμ 0 q3 0 q3μ

μ2 0 q2μ 0 q4 0

0 qμ2 0 q3μ 0 q5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, L =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0

0 1 0 0 0 0

μ 0 1 0 0 0

0 μ 0 1 0 0

μ2 0 μ 0 1 0

0 μ2 0 μ 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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U =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 μ 0 μ2 0

0 q 0 qμ 0 q2μ2

0 0 −λ 0 −λμ 0

0 0 0 −λq 0 −λqμ

0 0 0 0 −λq2 0

0 0 0 0 0 −λq3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Note that, by the structure of matrices A, L and U , the (i, j)-entry of these matrices is zero if i + j
is an odd number. Moreover, the matrix L is a lower triangular matrix with 1’s on the diagonal, whereas
U is an upper triangular matrix with diagonal entries U1,1 = 1, U2,2 = q and

Ui,i = −λqi−3, i ≥ 3.

It is obvious that the claimed decomposition of A immediately implies the validity of the theorem.
For the proof of the claim we compute the (i, j)-entry of L · U , by definition, it is

∑n
k=1 Li,kUk,j , it is

easy to see that, if i + j is an odd number, then (L · U)i,j =
∑n

k=1 Li,kUk,j = 0 = Ai,j , because for any
k either i + k or k + j is odd. Therefore, in order to prove the claim we need only show that

(L · U)i,j = Ai,j , when i + j is an even number.

We distinguish two cases separately:
Case 1. i, j odd. In this case we have

Ri(L) = (μ
i−1
2 , 0, μ

i−3
2 , 0, μ

i−5
2 , 0, . . . , μ

i−i
2 , 0, 0, . . . , 0)

and

Cj(U) =
(
μ

j−1
2 , 0,−λμ

j−3
2 , 0,−λq2μ

j−5
2 , 0,−λq4μ

j−7
2 , 0, . . . ,−λqj−3μ

j−j
2 , 0, 0, . . . , 0

)T
.

Assume first that i ≥ j. For i = 1, the result is straightforward. Therefore, we may assume that i ≥ 3.
Hence, we obtain

(L · U)i,j =
j∑

k=1

Li,kUk,j = μ
i+j−2

2 − λ

j−3
2∑

l=0

q2lμ
i+j−2(2l+3)

2 = μ
i+j−6

2 (μ2 − λ) − λ

j−3
2∑

l=1

q2lμ
i+j−2(2l+3)

2

= μ
i+j−6

2 q2 − λ

j−3
2∑

l=1

q2lμ
i+j−2(2l+3)

2 (by Eq. (1))

= μ
i+j−10

2 q2(μ2 − λ) − λ

j−3
2∑

l=2

q2lμ
i+j−2(2l+3)

2 = μ
i+j−10

2 q4 − λ

j−3
2∑

l=2

q2lμ
i+j−2(2l+3)

2 (by Eq. (1))

...

= μ
i−j+4

2 qj−3 − λ

j−3
2∑

l= j−3
2

q2lμ
i+j−2(2l+3)

2 = μ
i−j
2 (μ2 − λ)qj−3 = μ

i−j
2 qj−1 = Ai,j.

The case when i ≤ j is similar.
Case 2. i, j even. In this case we have

Ri(L) = (0, μ
i−2
2 , 0, μ

i−4
2 , 0, μ

i−6
2 , 0, . . . , μ

i−i
2 , 0, 0, . . . , 0)
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and

Cj(U) =
(
0, qμ

j−2
2 , 0,−λqμ

j−4
2 , 0,−λq3μ

j−6
2 , 0,−λq5μ

j−8
2 , 0, . . . ,−λqj−3μ

j−j
2 , 0, 0, . . . , 0

)T
.

Suppose that i ≥ j. For i = 2, the result is straightforward again. Therefore, we may assume that
i ≥ 4. Similar to the previous case, we obtain

(L · U)i,j =
j∑

k=1

Li,kUk,j = qμ
i+j−4

2 − λ

j−4
2∑

l=0

q2l+1μ
i+j−2(2l+4)

2 = qμ
i+j−8

2 (μ2 − λ)

− λ

j−4
2∑

l=1

q2l+1μ
i+j−2(2l+4)

2 = q3μ
i+j−8

2 − λ

j−4
2∑

l=1

q2l+1μ
i+j−2(2l+4)

2 (by Eq. (1))

= q3μ
i+j−12

2 (μ2 − λ) − λ

j−4
2∑

l=2

q2l+1μ
i+j−2(2l+4)

2 = q5μ
i+j−12

2 − λ

j−4
2∑

l=2

q2l+1μ
i+j−2(2l+4)

2 (by Eq. (1))

...

= qj−3μ
i−j+4

2 − λ

j−4
2∑

l= j−4
2

q2l+1μ
i+j−2(2l+4)

2 = qj−3μ
i−j
2 (μ2 − λ) = qj−1μ

i−j
2 = Ai,j.

The case when j ≥ i is similar. The proof is complete. �

Theorem 4. Let (Ai,j)1≤i,j≤2n be the doubly indexed sequence given by the recurrences

Ai,j =

{
Ai−2,j + Ai−1,j+1 + Ai,j+2, if i ≥ j + 2;
Ai,j−2 + Ai+1,j−1 + Ai+2,j, if j ≥ i + 2,

and the initial conditions Ai,i = 0 for 1 ≤ i ≤ 2n and Ai,i+1 = aqi−1, Ai+1,i = bqi−1 for 1 ≤ i ≤
2n − 1. Then we have

det(Ai,j)1≤i,j≤2n = (−1)nabq2(n−1)2
[
(aq − bμ)(bq − aμ)

]n−1
,

where μ = 1 + q + q2.

Proof. Let A denote the matrix (Ai,j)1≤i,j≤2n. Then, we have

Ai,j =

⎧⎪⎨
⎪⎩

bqj−1μ
i−j−1

2 , if i − j is an odd number;
aqi−1μ

j−i−1
2 , if j − i is an odd number,

0, otherwise.

For instance, when n = 3, the matrix A is given by

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 a 0 aμ 0 aμ2

b 0 aq 0 aqμ 0

0 bq 0 aq2 0 aq2μ

bμ 0 bq2 0 aq3 0

0 bqμ 0 bq3 0 aq4

bμ2 0 bq2μ 0 bq4 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.
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If a = 0 or b = 0, then the result is obvious. Therefore, we may assume that a, b �= 0. Now we apply the
following row and column operations:

A1 =

(
n∏

k=2

O2k,2(−μk−1)

)
A

(
n∏

k=2

O′
2k,2(−μk−1)

)
,

A2 =

(
n∏

k=3

O2k,4(−μk−1)

)
A1

(
n∏

k=3

O′
2k,4(−μk−1)

)
,

A3 =

(
n∏

k=4

O2k,6(−μk−1)

)
A2

(
n∏

k=4

O′
2k,6(−μk−1)

)
,

...

An−1 =

(
n∏

k=n

O2k,2n−2(−μk−1)

)
An−2

(
n∏

k=n

O′
2k,2n−2(−μk−1)

)
.

Then, we obtain

det(A) = det(An−1) = (−1)nabq2(n−1)2
[
(aq − bμ)(bq − aμ)

]n−1
,

as desired. �

Theorem 5. Let {αi}∞i=1 be a 2-periodic sequence. Let (Ai,j)1≤i,j≤2n be the doubly indexed
sequence given by the recurrences

Ai,j =

{
Ai−2,j + Ai−1,j+1 + Ai,j+2, if i ≥ j + 2;
Ai,j−2 + Ai+1,j−1 + Ai+2,j, if j ≥ i + 2,

and the initial conditions Ai,i = 0 for 1 ≤ i ≤ 2n and Ai,i+1 = −Ai+1,i = αi for 1 ≤ i ≤ 2n − 1.
Then we have

det(Ai,j)1≤i,j≤2n =
{

2n−3(α1 + α2)n−1
[
4α1 + (n − 1)(n − 4)(α1 − α2)

]}2
.

Proof. If n ≤ 4, the result is straightforward. Therefore, we may assume that n ≥ 5. Let A denote the
matrix (Ai,j)1≤i,j≤2n. Now, we apply the row and column operations. Like the proof of Theorem 2, we
change the rows and columns such that the columns with nonzero first entries are put together and then
the rows with zero first entries are beside one another, and finally we deduce that

det(A) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

det

[
Tn 0
0 −(Tn)T

]
, n is even;

− det

[
Tn 0
0 −(Tn)T

]
, n is odd,

or equivalently

det(A) = det

⎡
⎣Tn 0

0 (Tn)T

⎤
⎦ = det(Tn)2,

where Tn = (ti,j)1≤i,j≤n is an n × n Toeplitz matrix with entries:{
t11 = α1, t1,j = 3t1,j−1 + α2 − α1 if j > 1;
t21 = −α2, ti,1 = 3ti−1,1 + α2 − α1 if i > 2.
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For instance, when n = 5, the matrix T5 is given by

T5 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α1 2α1 + α2 5α1 + 4α2 14α1 + 13α2 41α1 + 40α2

−α2 α1 2α1 + α2 5α1 + 4α2 14α1 + 13α2

−α1 − 2α2 −α2 α1 2α1 + α2 5α1 + 4α2

−4α1 − 5α2 −α1 − 2α2 −α2 α1 2α1 + α2

−13α1 − 14α2 −4α1 − 5α2 −α1 − 2α2 −α2 α1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Now, it is enough to show that

det(Tn) = 2n−3(α1 + α2)n−1
[
4α1 + (n − 1)(n − 4)(α1 − α2)

]
. (2)

To do this, we apply the following row and column operations:

Step 1. Ci −→ Ci − 4Ci−1 + 3Ci−2, for i = n, n − 1, . . . , 3;
Step 2. C2 −→ C2 − C1;
Step 3. Take the factor α1 + α2 out from columns C2, C3, . . . , Cn;
Step 4. R2 −→ R2 + R1;
Step 5. Take the factor 2 out from columns C3, C4, . . . , Cn;
Step 6. Ri −→ Ri − 3Ri−1, for i = n, n − 1, . . . , 2;

Step 7. Ri −→ Ri −
ai,i+1

ai+1,i+1
Ri+1, for i = n − 1, n − 2, . . . , 2;

Therefore, we obtain

det(Tn) = 2n−2(α1 + α2)n−1 × det(T ∗),

where T ∗ is an n × n lower triangular matrix with diagonal entries:

4α1 + (α1 − α2)(n − 1)(n − 4)
2[5 − 6(n − 1)]

,
5 − 6(n − 1)

n − 1
,
n − 1
n − 2

,
n − 2
n − 3

, . . . ,
i

i − 1
, . . . ,

3
2
,
2
1
,

and so we deduce the validity of Eq. (2). �
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